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Abstract 
The article presents an analysis of the dynamics of the double mathematical and physical pendulum with variable mass for 
variables initial velocities of the lower member of the pendulum. In the present system under the influence of gravity, mass 
exchange occurs between the upper and the lower member of the pendulum. Different initial velocity was used to force traffic. It 
has been shown that the increase in mass of the lower member of the pendulum and the adopted parameters and initial conditions 
results in reducing the vibration amplitude. 
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1. Introduction 
This paper is devoted to the analysis of the dynamics of systems with variable mass, often overlooked in the 
literature, despite the universality of their occurrence. The most commonly cited and an analyzed example of such 
systems is skyrocketing, but the plane, train or automobile is also systems with variable mass. It is clear from the 
intuition that when the net change in mass of a system, as well as its mass variation rate are small, it is unnecessary 
to account for the change in mass in the study of the system’s motion. For example, automobiles are in fact variable 
mass systems, yet, no one takes mass variation into account in handling and performance studies of ordinary 
automobiles. The reason is that the rate of mass variation is viewed as negligible – and rightly so. On the other hand, 
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a system that undergoes a substantial change in mass, especially if this occurs in a short period of time, will 
definitely require that mass variation be accounted for in the study of its overall dynamics; otherwise, any predicted 
response of the system will be far removed from its true behaviour [3]. 
The first, which created a general problem of the dynamics of systems with variable mass was a Czech scientist 
and inventor Georg von Buquoy. In 1812, he developed the equation of motion in which the mass of an object 
changes with time. Precursors of research on such systems were also, among others, scientists such as William 
Moore, Ivan V. Meshchersky, Konstantin E. Tsiolkovsky, Robert Goddard, Peter Guthrie Tait, and Arthur Cayley. 
2. Object of research 
Will be compared the dynamics of the double pendulum: mathematical (Fig. 1a) and physical (Fig. 1b), wherein 
an exchange of mass in the system between the first and the second element occurs on the spur of gravity. With time 
the mass of the first element declines and the mass of the second element grows. According to the law of mass 
conservation their sum is constant. 
Analysis concerns the comparison of the dynamics of systems for two different initial velocities of the lower 
member of the pendulum. Further ongoing research aim to analyze the dynamics of the variation of initial conditions 
such as: length of the individual members of the pendulum (L – upper member, l – lower member); mass elements: 
(M – upper member, m – lower member); angles of inclination (α – upper member, β – lower member); initial 
velocity (α'– upper member, β' – lower member). 
a)                     b)  
Fig. 1. Double pendulum: a) mathematical, b) physical. 
 
3. Dynamics of double mathematical and physical pendulum with variable mass 
The article presents a ready nonlinear equations system for the mathematical (1) and physical (2) pendulum with 
variable mass. Of deriving equations pendulum were conducted in [5, 6, 7], based on [1, 2, 4, 8]. 
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Nonlinear equations system for pendulum: 
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4. Results 
Results of scientific research presented in this paper, are intended to analyse the dynamics of systems with 
variable mass. Were compared test results for mathematical and physical pendulum with variable mass. The initial 
conditions are presented in Table 1. Two measurements were performed: first, the initial velocity of the lower 
member of the pendulum β0’ was set at 0.1 rad.s-1, the second at 0.2 rad.s-1. 
     Table 1. The initial conditions. 
L (m) l (m) M (kg) m (kg) 0D (rad) 0E (rad) 0xD (rad.s-1) 0
xE (rad.s-1) O (s-1) 
1 1 10 0.10 0 0 0 
0.10 
0.015 
0.20 
 
The test time is 30 seconds. At this time, the mass of the upper member is decreased, and the lower member is 
increased. Graph of changes mass in particular members of the pendulum (mathematical and physical), shown in the 
drawing (Fig. 2). 
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Fig. 2. Graph of changes mass in particular members of the pendulum  
(mathematical and physical) with variable mass. 
 
Fig. 3. Graphs of generalized coordinates of the upper member α:  
a) mathematical pendulum, b) physical pendulum; bold - first measurement, normal - second measurement. 
 
Fig. 4. Graphs of generalized coordinates of the lower member β:  
a) mathematical pendulum, b) physical pendulum; bold - first measurement, normal - second measurement. 
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Fig. 5. Graphs of generalized velocities of the upper member α’:  
a) mathematical pendulum, b) physical pendulum; bold - first measurement, normal - second measurement. 
 
Fig. 6. Graphs of generalized velocities of the lower member β’: 
a) mathematical pendulum, b) physical pendulum; bold - first measurement, normal - second measurement. 
5. Conclusion 
The dynamics of the double pendulum for units constant mass is described by periodicity. The test results for this 
system were published among others in [5, 7]. 
In contrast, the results of the study, for the non-linear course for the double mathematical and physical pendulum 
with variable mass, show that as far as upper unit mass decrease, with synchronous, mass increase in lower unit, is 
taking the vibration damping in the second unit. Graphs of the generalized coordinate α of the upper member of the 
pendulum (Fig. 3) are showing that in the course of the entire study (30 seconds), the vibration amplitude is chaotic. 
In case of the physical pendulum increases from the set initial value (0 rad) to 0.003 rad for the first measurement 
and 0.006 rad for the second measurement. From curves depicting the vibration amplitude of the generalized 
coordinate β of the lower member of the pendulum (Fig. 4), we can decipher stabilization of vibrations. In the case 
180   Rafał Kwiatkowski /  Procedia Engineering  136 ( 2016 )  175 – 180 
of both pendulums (mathematical and physical), the amplitude, with the increase in mass of the lower member of the 
pendulum decreases. Starting from an initial value of 0 rad and almost immediate jump values (greater than 
0.02 radians for the first measurement and the above 0.04 radians for the second measurement, in the case of the 
mathematical pendulum and above 0.03 for the first and 0.06 for the second measurement, for the physical 
pendulum), followed in order to and significant decrease in the amplitude of vibration in the examined period of 
time. Course of graphs of the generalized velocities α' of the upper member of the pendulum both mathematical and 
physical (Fig. 5), similarly to it took place in the course of the generalized coordinate α of the upper element of the 
pendulum is chaotic. Graphs of the generalized velocities β' of the lower member of the pendulum (Fig. 6), are 
characterized by damping vibrations. Damping is visible already after a few seconds of the study. Generalized 
velocities of the lower member for both pendulums, by the initial rapid increase (in the first seconds of the study), 
they begin to rapidly decrease, in the audited period.  
Further research of chaotic systems with variable mass will be enriched by a nonlinear and linear course, as well 
as the comparison of the dynamics of systems with constant or changing mass will be taken into consideration. What 
is more, will be analyzed the behavior of systems with different initial conditions. 
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